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Abstract: A novel approach for carrying out the second step of the production of stability
charts of time-delay systems is presented. It consists in detecting stability regions in the space
of parameters based on a stability test in terms of the delay Lyapunov matrix, which plays a
central role in the framework of complete type Lyapunov-Krasovskii functionals. The method
is tested on challenging academic examples found in the literature, and it is also employed to
analyze the effects of non-modeled input delays in delay-based control schemes.
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1. INTRODUCTION

For time-delay systems, stability charts provide a graphical
depiction of the influence of the system parameters in
the local stability properties: the collection of examples
studied in Stépán (1989) and Sipahi et al. (2011), give
evidence of this fact. They are a direct result of the con-
tinuity properties of the characteristic roots with respect
to parametric variations (Neimark, 1949). The immediate
implications are twofold, (i) potential stability/instability
switches can only occur when roots are located on the
imaginary axis, and (ii) the number of unstable roots
remains constant until an imaginary axis crossing occurs.

The construction of stability charts is constrained to
a three-dimensional space, hereafter this space will be
referred to as the space of parameters. Their production
evolves in a two-steps fashion. First, the sketch of the
crossing boundaries that generates a partition of the space
of parameters. Second, the determination of the number
of roots with positive real part in each region, also known
as the instability degree. The stability domain corresponds
to the regions with no right-hand side roots.

While the production of stability charts considering fixed
delays is well established, the case of two or more delays
as variable parameters remains challenging and has been
addressed only recently through a combination of the
Rekasius bilinear transformation and the resultant theory
considering the most general class of delay systems (Sipahi
and Delice, 2011). This method, called advanced clustering
with frequency sweeping, allows a successive reduction
of the problem, shortening the computational burden
of NP-hard complexity that arises from the presence of
multiple delays (Toker and Özbay, 1996) and ultimately
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revealing the stability outlook in any two-delay space. The
reader is also refereed to Sipahi and Olgac (2006) where
the Cluster Treatment of Characteristic Roots (CTCR)
paradigm is introduced and to Gu et al. (2005) for an
elegant geometrical approach in the case of systems with
two delays.

Having found the partition of the space of parameters, de-
termining the instability degree in each region can be han-
dled deploying, as for instance, semi-discretization meth-
ods (Insperger and Stépán, 2011), pseudospectral tech-
niques (Breda et al., 2005), or computational approaches
(Roose et al., 2004; Vyhlidal and Zitek, 2009). Alterna-
tively, the instability degree may be obtained based on
root tendency properties of the imaginary roots (Olgac
and Sipahi, 2002).

Considering that the main objective is to determine the
stability domain, not the instability degree in each region,
our proposal is to obviate the tedious and prone to error
unstable roots counting task, by using the delay Lyapunov
matrix to assess the stability/instability regions of the
space of parameters delimited by crossing boundaries. This
is done by scanning the space of parameters equipped with
the necessary stability conditions in terms of the delay
Lyapunov matrix introduced in Egorov (2014), which turn
into a stability criterion in some cases. The fact that
an exact solution for the delay Lyapunov matrix is only
available for commensurate delays, demands an efficient
organization of the scanned parameters (delay or others),
aiming at speeding up the process.

The contribution is organized as follows: the main con-
cepts and definitions on Lyapunov-Krasovskii functionals
of complete type, as well as recently reported stability tests
in terms of the delay Lyapunov matrix are reminded in sec-
tion 2. The procedure that organizes the Lyapunov matrix
computation and the scanning of the space of parameters,
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is presented in section 3. A number of challenging academic
examples of the literature, and a case study are presented
in sections 4 and 5, respectively. Additional comments are
finally given in section 6.

Notation: The Euclidian norm for vectors is denoted ‖.‖.
For functions the norm ‖ϕ‖

H
= supθ∈[−H,0] ‖ϕ(θ)‖ is used.

Q > 0 means that the symmetric matrix Q is positive
definite. The square block matrix with i-th row and j-th
column element Aij is denoted {Aij}ri,j=1. The symbol *
indicates transposed terms in symmetric block matrices.

2. PRELIMINARIES: DELAY LYAPUNOV MATRIX
STABILITY CONDITIONS

Consider a linear system of the form

ẋ(t) =

m∑
j=0

Ajx(t− hj), t ≥ 0, (1)

where A0, . . . , Am are constant real n × n matrices, and
0 = h0 < h1 < . . . < hm = H are the delays. The
initial functions ϕ are taken from PC([−H, 0],Rn). The
restriction of the solution x(t, ϕ) of system (1) on the
interval [t−H, t] is denoted by

xt(ϕ) : θ → x(t+ θ, ϕ), θ ∈ [−H, 0].

As explained in the monograph by Kharitonov (2013),
the delay Lyapunov matrix U(τ), τ ∈ R of system (1)
associated to a positive definite matrix W , is the matrix
valued continuous function solution of the boundary value
problem:

U ′(τ) =

m∑
j=0

U(τ − hj)Aj , τ ≥ 0, (2)

U(τ) = UT (−τ), τ ≥ 0, (3)
m∑
j=0

[
U(−hj)Aj +ATj U(hj)

]
= −W. (4)

This set of equations, called dynamic, symmetric and
algebraic properties, admits a unique solution when the
system satisfies the Lyapunov condition (the characteristic
equation of (1) has no eigenvalues that are symmetric
with respect to the imaginary axis). In the case of com-
mensurate delays (hj = jh, h is the basic delay.), the
semianalytic method, provides a solution to (2, 3, 4) that is
exact, up to the computation of a matrix exponential. The
main results concerning this construction are as follows:

Lemma 1. (Kharitonov, 2013) Let U(τ) be a Lyapunov
matrix associated with W . Then for ξ ∈ [0, h], the
auxiliary matrices

Xi(ξ) = U(ξ + hi), i = −m, ..., 0, ...,m− 1, (5)

satisfy the system of linear delay-free matrix differential
equations

X ′i(ξ) =

m∑
j=0

Xi−j(ξ)Aj , i ≥ 0,

X ′i(ξ) = −
m∑
j=0

ATj Xi+j(ξ), i < 0,

(6)

with boundary conditions

Xi+1(0) = Xi(h), i = −m, ..., 0, ...,m− 2,

−W =

m∑
j=0

[
Xj(0)Aj +ATj X

T
j (0)

]
.

(7)

Corollary 2. (Kharitonov, 2013) If the boundary value
problem (6), (7) admits a unique solution (5), then there
exists a unique Lyapunov matrix U(τ) associated with the
matrix W . It is defined on [0,mh] by the equalities

U(ih+ ξ) = Xi(ξ), ξ ∈ [0, h], i = 0, 1, ...,m− 1.

Using vectorization techniques based on Kronecker prod-
ucts properties, the delay free system (6) and the boundary
condition (7) can be rewritten in the form

z′(ξ) = Lz(ξ),

Mz(0) +Nz(h) = −Wv.

where z(τ) is the vectorization of the auxiliary variables,
and L,M and N are appropriate arrangements of matrices
Aj , j=0,...,m.

The solution of the dynamic system of auxiliary matrices
is

z(ξ) = eLξz(0), ξ ∈ [0, h] (8)

with initial condition given by

z(0) = (M +NeLh)−1Wv. (9)

Then, the Lyapunov matrix U(τ) for τ ∈ (0,mh] can be
recovered from z.

In Egorov and Mondié (2014), necessary stability condi-
tions formulated exclusively in terms of the delay Lya-
punov matrix were introduced.

Theorem 3. If system (1) is exponentially stable, then

Kr(τ1, ..., τr) = {U(−τi + τj)}ri,j=1 > 0, (10)

where τk ∈ [0, H], k = 1, r, τi 6= τj if i 6= j, and r is a
natural number.

The sufficiency of these conditions was established for a
special choice of the delays and a large enough parameter
r in Egorov (2014):

Theorem 4. System (1) is exponentially stable if and only
if the Lyapunov condition holds and for every natural
number r ≥ 2, {

U

(
j − i
r − 1

H

)}r
i,j=1

> 0. (11)

Moreover, if the Lyapunov condition holds and system (1)
is unstable, there exists r such that{

U

(
j − i
r − 1

H

)}r
i,j=1

� 0.

Remark 5. A family of conditions of increasing complexity
are obtained: For example,
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r= 2 :

(
U(0) U(H)
∗ U(0)

)
> 0,

r= 3 :

(
U(0) U(H/2) U(H)
∗ U(0) U(H/2)
∗ ∗ U(0)

)
> 0,

r= 4 :

U(0) U(H/3) U(2H/3) U(H)
∗ U(0) U(H/3) U(2H/3)
∗ ∗ U(0) U(H/3)
∗ ∗ ∗ U(0)

 > 0.

3. SCANNING METHODOLOGY

To test the stability condition (11) for equally spaced
points of the space of parameters, one must compute
the delay Lyapunov matrix, and then test the condition
(10). When more than one delay are involved, this task is
intricate, because of dimensional issues.
It is worthy of mention that we cannot resort to ap-
proximation methods for the computation of the delay
Lyapunov matrix, because up to now, no bound on the
error of approximation is available.
Next, we explain how we exploit the properties of the
construction, and of the testing condition (11) to alleviate
the computational burden in the two-delay case.

Minimize the dimension of the delay free system:

The dimension of the delay-free system is 2n2m. If we test
the point h1 = 80 and h2 = 120, and take the basic delay as
1, we get a delay-free system of dimension 2·22 ·120 = 960.
Noticing that the largest possible basic delay is 40 we may
obtain 2 · 22 · 3 = 24. To minimize the dimension, we can
organize the scanning as follows:

(1) Take N + 1 equidistant points with separation ∆ on
each axis.

(2) Set a counter for every axis, this is

hk1 = k∆, hl2 = l∆, k, l = 0, . . . , N

(3) Set the basic delay as

h = gdc(k, l)∆.

(4) Define

q1 =
k

gdc(k, l)
and q2 =

l

gdc(k, l)
.

Then, compute the maximum delay as

q = max(q1, q2).

The dimension of the delay free system is:

2 ·max(q1, q2) · n2.
(5) Obtain the Lyapunov matrix

U(ξ+ jh) = Xj(ξ), j = −q,−q+ 1, ..., 0, 1, ..., q− 1,

in the interval ξ ∈ [0, h] by solving the set of equations

X ′j(ξ) =Xj(ξ)A0 +Xj−q1(ξ)A1 +Xj−q2(ξ)A2,

j = 0, 1, ..., q − 1,

X ′j(ξ) =−AT0X−j(ξ)−AT1Xj+q1(ξ)−AT2Xj+q2(ξ),

j =−q,−q + 1, ...,−1, ξ ∈ [0, h].

The boundary conditions are

Xj+1(0) =Xj(h), j = −q,−q + 1, ..., 0, 1, ..., q − 2,

−W =AT0X0(0) +AT1Xq1−1(h) +AT2Xq2−1(h)

+X0(0)A0 +XT
q1−1(h)A1 +XT

q2−1(h)A2.

Organize the search along rays:

Conventionally, the scanning of the grid of the space
parameters is realized through nesting loops. In the outer
bucle the delay h1 is fixed and in the inside loop, the delay
h2 ranges from zero to its upper bound. In this way, the
scanning of the grid is usually implemented in a vertical
or horizontal way.

We have found that scanning the grid on the space
parameters in a ”radial way”, reduces the computation
burden of the matrix exponentials L. Indeed, for pairs
ih1, ih2, i = 1, 2, . . . located on a ray emerging from
zero, the matrices L, M and N are the same. Moreover,
the exponential in (8) can be computed as

eLih = (eLh)i = (eLh)i−1eLh, i = 1, 2, . . .

Therefore, preallocating the exponential (eLh)i−1 after
each scanning, allows reducing the computational effort in
the calculation of the next points of the ray on the space
parameters.

Avoid redundant verification of the conditions:

Once the matrix U(τ), τ ∈ [0, h] is constructed at a given
point, one has to build the Kr(τ1, ..., τr) = {U(−τi +
τj)}ri,j=1 matrix and test the conditions (11). Clearly,
the greater r is, the bigger is the matrix and so is the
corresponding computational burden.
Notice in Remark 5 for example that condition U(0) > 0
is the simplest necessary condition as U(0) appears in the
diagonal of Kr(τ1, ..., τr).

Clearly, it is important to use the simpler conditions to
discard points. We propose to alleviate the computational
task by using the following strategy:

(1) Scan the space of parameters and test each point for
the condition U(0) > 0. Flag points where it is not
satisfied.

(2) Now, starting from r = 2 scan the space of parameters
for the condition (11), skipping flagged points and
flagging points that do not satisfy the condition.

(3) Repeat the preceding step, after increasing r by one.

Since the construction of U(θ) and the stability test are
independent from each other at each point of the space
of parameters, their computation can be parallelizable.
Consequently, it is necessary to classify each variable into
one of several categories (loop variables, sliced variables,
broadcast variables, among others). Notice also that at
points where the ratio between the largest and smaller
delay is large, the delay free system is sparse, hence
appropriate numerical techniques should be used.

4. ILLUSTRATIVE EXAMPLES

Next, two challenging examples analyzed in Sipahi et al.
(2011) illustrate the interest of the above results. The first
one is a two-delay scalar system, and the second one has a
cross-talking delay. In the presented figures, the continuous
lines describing imaginary axis crossings of the roots are
generated by using the CTCR technique (Sipahi et al.,
2009), the isolated dots indicate points of the space of
parameters where the necessary stability conditions hold.
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Fig. 1. Example 6. The candidate stability regions are
obtained with (a) r = 4 and (b) r = 8.

Example 6. Consider the scalar equation with two delays
presented in Sipahi et al. (2011)

·
x(t) = −1.3x(t)− x(t− h1)− 0.5x(t− h2).

For this system, the exact stability regions in the space
of parameters (h1, h2), shown on Figures 1(a) y 1(b), are
detected for r=4 and r=8, respectively. Since the delay-
free system is stable, the region connected to the origin, is
stable. Choosing r=4, we can observe from Figure 1(a)
the existence of regions where the stability conditions
hold, but are actually unstable regions. As expected, an
improvement is achieved increasing r=8 as demonstrated
on Figure 1(b) where the exact stability domain is found.

Example 7. Consider the characteristic equation given by

f(s, h1, h2) =s2 + s+ 20 + (2s+ 3)e−h1s

+ (s+ 4)e−h2s + e−(h1+h2)s.

A representation in the time domain is
·
x(t) = A0x(t)+A1x(t−h1)+A2x(t−h2)+A3x(t−h1−h2),

where

A0 =

(
0 1
−20 −1

)
, A1 =

(
0 0
−3 −2

)
,

A2 =

(
0 0
−4 −1

)
, A3 =

(
0 0
−1 0

)
.

The stability conditions are tested for r=2 and r=4. The
results are shown in Figures 2(a) and 2(b) respectively.
From the figures, we can conclude that the exact stability
domain is found when r increases.
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Fig. 2. Example 7. The candidate stability regions are
obtained with (a) r = 2 and (b) r = 4.

5. CASE STUDY: EFFECT OF INPUT DELAY ON IR
AND PIR CONTROLLERS

In practical applications, the uncertainty induced by un-
avoidable measurement noise is a significant problem,
hence filtering is essential if the control energy is to be
constrained. The deliberate introduction of a delay h1 in
the feedback loop has proved to be a reasonable filtering
option in the Integral-Retarded (IR) and the Proportional-
Integral-Retarded (PIR) controllers proposed in Ramı́rez
et al. (2015) and Ramı́rez et al. (2016).
As an auxiliary design tool to address the presence of
an input delay, we present stability charts depicting the
non-modeled input delay h2 againts the controller delay
parameter h1. For each control scheme, the delay space
is decomposed deploying the CTCR technique (Sipahi
et al., 2009) and further scanned via the necessary stability
conditions.

Example 8. IR control of first-order linear systems. Let us
consider first the IR controller operating on a first-order
linear system. The existence of a delay h2 in the input is
assumed, resulting in the closed-loop system

ẋ(t) =

(
0 1
0 −a

)
x(t) +

(
0 0
bkir 0

)
x(t− h1 − h2)

+

(
0 0
−bki 0

)
x(t− h2),

where (a, b) are the system parameters, and (ki, kir) are
the controller gains. Following Ramı́rez et al. (2015), in the
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Fig. 3. Example 8. The candidate stability region is ob-
tained with r = 4.

absence of input delay the operational parameters (a, b) =
(6, 42) lead to the IR tuning (ki, kir) = (0.9086, 0.2931),
and h1 = 0.1851.
For this parameter setting, the exact stability region in
the space of parameters (h1, h2), shown on Figure 3, is
detected for r = 4. For this choice, the exact h2-stability
interval of the system is (0, 0.2981). Observe also that
reducing the intentional delay the upper bound of the h2-
stability interval can be increased.

Example 9. PIR control of second-order systems. We now
investigate the stability of the PIR controller regulating
the behavior of a second-order linear system subject to
an unmodelled input delay. The closed-loop state-space
representation is:

ẋ(t) =

(
0 1 0
0 0 1
0 −b −a

)
x(t) +

(
0 0 0
0 0 0
0 ckr 0

)
x(t− h1 − h2)

+

(
0 0 0
0 0 0
−cki −ckp 0

)
x(t− h2).

Here, (a, b, c) are the system parameters, and (kp, ki, kr)
are the controller gains. The gain values (kp, ki, kr) =
(0.0789, 1.3415, 1.0858) and the delay design parameter
h1 = 0.0789 are obtained using the tuning formulae in
Ramı́rez et al. (2016) corresponding to the operational
parameters (a, b, c) = (6, 83, 42) which ensure the stable
operation of the closed-loop system in the absence of input
delay.
The stability chart in Figure 4 obtained with r = 4, shows
the exact stability domain in the space of parameters
(h1, h2). It is now clear that the choice for h1 have a great
impact on the h2-stability margins, and that some choices
are dangerous as their reduce it to zero.

6. ADDITIONAL OBSERVATIONS

6.1 Availability of a functional

A noteworthy advantage of the proposed approach is that
at points of the space where the test is conclusive and
stability is established, the delay Lyapunov matrix of sys-
tem (1) associated to W, defines a Lyapunov-Krasovskii
functional of complete type introduced in Kharitonov
(2013). This functional have a prescribed quadratic nega-
tive derivative that depends on the whole state of the delay
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Fig. 4. Example 9. The candidate stability region is ob-
tained with r = 4.

system and, if the system is stable, it admits a quadratic
lower bound. This functional satisfies the conditions of the
Krasovskii Theorem. It can be used to find exponential
estimates of the response or robust stability bounds with
respect to parameter uncertainty or delay uncertainty,
amongst other applications.
The study of the robustness properties with respect to
delays are of special significance, as they allow to conclude
on the stability of points of the space of parameters in the
neighborhood of the tested commensurate points.

6.2 Extension to the three delays case

The introduced methodology may be extended to produce
stability maps in any three-delay space of parameters as
presented next.

Example 10. Sipahi et al. (2009). Consider the following
characteristic equation

f(s, h1, h2, h3) =(s2 + s+ 3) + (3s+ 2)e−h1s

+ (s+ 8)e−h2s + (3s+ 28)e−h3s,

associated to the system
·
x(t) =A0x(t) +A1x(t− h1) +A2x(t− h2) +A3x(t− h3),

where

A0 =

(
0 1
−3 −1

)
, A1 =

(
0 0
−2 −3

)
,

A2 =

(
0 0
−8 −1

)
, A3 =

(
0 0
−28 −3

)
.

Here, each delay is consider as a variable parameter.
Deploying the necessary stability conditions with r = 8
we obtain the candidate stability region shown on Figure
5. In the particular case h1 = h2 = 0, we know that the
system is stable in the interval h3 ∈ [0, 0.28), which agrees
with our results based on the Lyapunov matrix.

7. CONCLUDING REMARKS

In this contribution, we introduce a methodology for
finding the stability domain of time-delay systems in the
so-called space of parameters. The approach is based on
the positiveness of a set of necessary stability conditions
written exclusively in terms of the delay Lyapunov matrix.
A significant by-product of our method is the immediate
availability of a Lyapunov-Krasovskii functional at each
detected stable point.
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Fig. 5. Example 10. The candidate stability region is
obtained with r = 8.

REFERENCES

Breda, D., Maset, S., and Vermiglio, R. (2005). Pseu-
dospectral differencing methods for characteristic roots
of delay differential equations. SIAM Journal on Scien-
tific Computing, 27(2), 482–495.

Egorov, A.V. (2014). A new necessary and sufficient
stability condition for linear time-delay systems. IFAC
Proceedings Volumes, 47(3), 11018–11023.
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